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ABSTRACT: The aim of this paper is to introduce the notation of pre-local function A? (J, t) by using pre- 
open sets in an ideal topological space (X, t, J). Some properties and characterizations of a pre-local 
function are explored Pre-compatible spaces are also defined and investigated. Moreover, by using AP’ (1, T) 
we introduce an operator W: P(X)—T satisfying W(A) = X—-(X — A)? for each A € P(X) and we discuss some 


characterizations this operator by use pre-open sets. 
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1. INTRODUCTION 

The concept of ideal topological spaces was first 
studied by Kuratowski in 1933 [1] and 
Vaidyanathaswamy in 1960 [2]. Jankovic and 
Hamlett in 1990 [3] was investigated further the 
properties of ideal topological spaces. 
Compatibility of the topology t with an ideal J was 
first introduced by Njastad in 1966 [4]. Jankovic 
and Hamlett in 1990[3] have studied some 
properties and characteristics of compatible 
spaces. It is given in [3] that for an ideal / of 
introduced subsets of X, t ~/ if and only if(X, tT) is 
hereditarily compact. In this paper we will 
introduce a pre-local function by using pre-open 
sets and deduce some results. We introduce and 
characterize pre-compatible spaces and then we 
introduce an operator W : P(X)-T satisfying w(A) 
= X-(X-A)*for each A € P(X) and we discuss some 
characterizations this operator by using pre-open 
sets. 


2. Preliminaries 


Let (X, t) be a topological space with no 
separation properties assumed. For a subset A of a 
topological space (X, Tt), CI(A) and Int(A) denote 
the closure and interior of A in(X, Tt), respectively. 
An ideal J on a topological space (X, Tt) is a non- 
empty collection of subsets of X which satisfies the 
following properties: 


1) A eJ and B ©€ A implies Bel, 
2) A €l and B_ e€/ implies AUB él. 
An ideal topological space is a topological space (X, 
t) with an ideal J on X and is denoted by (xX, t, J). 
For a subset A € X, A*(J, t) = {x € X:ANU ¢I for 
every U € t(x)} is called the local function of A 
with respect to J and Tt, [3, 4]. We simply write A* 
instead of A*(J) in case there is no chance for 


confusion. For every ideal topological space (X, Tt, 
I), there exists a topology t*(J), finer than t, 
generated by the base B(/, t) = {U - E: U € t and 
Ee/}. It is known in [3] that B(/, t) is not always a 
topology. When there is no ambiguity, t*(/) is 
denoted by t*. Recall that A is saidto be *-dense in 
itself if A CA*, A is t*-closed if and only if A*CA 
and A is*-perfect if A = A*. For a subset A € X, 
Cl*(A) and Int*(A) will, respectively, denote the 
closure and interior of A in (X, Tt’). 


Definition.2.1.[8] Let (X, t) be a topological space. 
A subset A of X is said to be pre-open if A 
CInt(Cl(A)). The complement of a pre-open set is 
said to be pre-closed. The collection of all pre- 
open (resp. pre closed) sets in X is denoted by 
PO(X) (resp. PC(X)). 


Remark.2.1.We denote all pre-open sets forms a 
topology TP. 


Definition.2.2.[8] Let (X, t) be a topological space. 
Then the pre-interior and the pre-closure of A in X 
defined as PInt(A) = U{U : U CA, Uet?} and PCI(A) 
= N{F : AC F, X - F €tP}.From definition, PInt(A) is 
a pre-open set and PC](A) is a pre-closed set. 


3. Pre-local functions 

Definition.3.1. Let (X, t, J) be an ideal topological 
space. For a subset A of X, we define the following 
operator: AP’ (I, t) = {x €X: AnU¢I for every U 
€t?(x)}. In case there is no confusion A? (IJ, t) is 
briefly denoted by AP’ and is called the pre-local 
function of A with respect to J and t. 

Lemma.3.1. Let (X, t, J) be an ideal topological 
space. Then AP’ (I, t) SA* (I, t) for every subset A of 
X. 
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Proof. Let x EA (J, t). Then, ANU ¢I/ for every U 
€tP(x). Since every open set is pre-open, therefore 
x EA*(/, tT). Converse is not true in general, it is 
shown in Example.3.1. 


Example.3.1.Let X = {a, b, c}, t = {@, X, {a, b}}, and 
I={@, {a}}. LetA = {b, c}. Then A*(J, t) = {a, b, c} = 
Cl(A*) and AP (J, t) = {b, c} = PCI(AP ). Then AP (J, 
t) SA*(I, T). 


Lemma.3.2. Let (X, t, J) be an ideal topological 
space and A subset of xX. Then; 
) Aw op = AGL D if ® = 2, 
2) The simplest ideals are {0} and P (X). We 
observe that AP ({@}) =PCI(A) # CI(A) andA? (P 
(X)) = @ gives AP (P (X)) = @ for every A € X, 
3) Neither A CAP’ nor AP CA in general. 


Example.3.2.Let X = {a, b, c} and t = {@, X, {a}, {a, 
b}} with J = {QO}. IfA = {b, c}, thenA* = {a, b, c} = 
CI(A) = CI(A*) and A ={b, c} = PCI(A) = PCI(A? ) # 
C1(A). Again for J = P(X) and for any subset A of X, 
A* = @ gives AP =@. 


Theorem.3.1. Let (X, t, J) be an ideal topological 
space and A, B subsets of X. Then, for pre-local 
functions, the following properties hold: 

1) OP'=9, 

2) IfA CB, then AP CBP’, 

3) If h, 2 tow ideal on X, 4€J2, then 

AP’ (I2)GAP (1h), 

4) AP = PCI(AP ) EPCI(A) and A? is pre-closed 
in(X, T) 

5) (AP’)P CAP”, 

6) (AU B)P = AP UBP, 

7) (ANB)? CAP MBP, 

8) AP” — BP’ = (A— B)?’ — BP’c(A—B)? , 

9) IfU € t, then UNAP = UN(AN U)P E(ANU)?, 
10) If EE/, then EP’ = @, 

11) If Eel, then (AU E)P =AP =(A—E)?. 


Proof.1) The proof is obvious. 


2) Let AC B and x¢B? . Then there exists UEt?(x) 
such that UNB El. Since A © B, UNAEl and x¢A?. 
This proves that AP CBP, 


3) Let that x¢A? (hh). Then there exists Uet?(x) 
such that AnUel.Since Ih Gle2, ANUEl2 and 
X¢AP (12). Therefore, AP’ (I2)GAP (1). 


4) We have AP CPCI(AP’) in general. Let x 
€PCI(AP’). Then AP NU #@ for every UEtP(x). Then 
therefore, there exists some y EAP'AU and U 
EtP(y).Since y EAP’, ANU¢I and xEAP. Then we 
have PCI(AP )GAP Again, let x EPCI(AP) = AP, 
then UNA¢I for every U €tP(x). This implies UNA# 
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@ for every UetP(x). Therefore, xEPCI(A). This 
proves AP = PCI(AP’) EPCI(A). 


5)Let xe(AP)P. Then, UNA? ¢/for every 
Uet?(x),and hence UNA? #@.Let y EUNA? . Then U 
etP(y) and yeAP. Hence we have UnA¢! and 
x€AP. Hence (AP )P CAP. 


6)We have ACAUB and BCAUB. Then from (2), 
AP’ C(A U B)P andBP €(A U 

B)P’ Hence AP UBP C(AUB)P. Let x€(AUB)?. 
Then, (UNA)U(UNB) =UN(AUB)¢I/. Therefore, 
UnAg! or UnB¢! for every UEt?(x). This implies 
that xEAP or x EB? , that is xEAP UB? . Therefore, 
we have (AUB)? CAP UBP. Hence, we 
obtain(A U B)P’= AP’ UBP . 


7)We have (ANB)GA and (ANB)SB. Then from (2), 
(AN B)P CAP and (ANB)? CBP. 


Hence (AN B)P © APN BP. 


8)Since A = (A—B)U(BNA), by (6) we have 
AP’=(A — B)P U(AN B)P E(A — B)P VAP. 
Thus AP’ — BP’ C(A — B)P — BP’. 


Now(A — B)? CAP by (2), (A—B)? — BP CAP — 
BP’ HenceAP — BP =(A—B)P —BP C(A—B)?P. 


9) Let U € t and x EUNAP . Then, x € Uand x EAP . 
Since U € t then Vet?(x) such that x €V. Then 
VnUetP(x) and VN(UNA) = (VAU)NA¢I. Then x 
€(ANU)P and hence we obtain UNAP E(AN U)? . 
Moreover,UNAP CUN(AN U)? ,by(2) (ANU)P Cc 
AP’ andUN(AN U)P © UNAP Therefore, UNA? = 
Un(ANU)P E(ANU)?P. 


10)Let x €EP’. Then for any U €1?(x), EnUe¢!. 


But since Ee/, EnUel for every U €tP(x). This is a 
contradiction. HenceE? = @. 


11) Since Eel, by (10)EP = @. By (8), AP =(A— 
E)P’ and by (6)(AUE)? = AP UEP =A. Hence we 
obtain (A U E)P =AP =(A— E)?P 


Theorem.3.2. Let (X, t) be a topological space 
with ideals J; and Jz on X and A subset of X. Then, 
AP’ (12) = AP (1) UAP (12). 


Proof. By Theorem.3.1.(3) we have AP (11) CAP (h 
NM Iz) and AP (Iz) GAP (h A hk). Therefore, we 
obtain AP (h)JUAP (Iz) GAP (Ak). Now, let x 
EAP (1:12). Then, for every U €t?(x), UNA ¢i Nk 
and hence UNA ¢h or UNA ¢le. This shows that x 
EAP'(I1) or x EAP (Iz). Therefore, we have x 
EAP (I1)UAP (Iz). This shows that AP (iN) 
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CAP’(I1) UAP (12). Then, we obtain AP’ (lh N 2) = 
AP" (11) UAP (12). 


Definition.3.2. Let (X, t, J) be an ideal topological 
space and A subset of X. Then PCI*(A) = A UAP is a 
calledclosure operator. 


Theorem.3.3.Let (X, t, J) be an ideal topological 
space and A, B subset of X. Then; 


1) PCI*(@) =9, 

2) AGCPCI*(A), 

3) PCI*(AUB) = PCI*(A) UPCI*(B), 
4) PCI*(A) = PCI*(PCI*(A)). 


Proof.1) PCI*(@) = @” UG, by Theorem.3.1.(2) 
then PCI*(@) = @ 
2) ASA VAP = PCI*(A). 


3) PCI*(AUB) =(A UB)U(A UB)P’=(A U 

B)U(AP’ U BP’) by Theorem.3.1(6). 

Hence PCI*(AUB) =(A UB) U(AP’ U BP’) = (AP U 
A)U(BP UB) = PCI*(A) UPCI*(B). 


4) PCI*(PCI*(A)) = PCI*(A U AP’) = (AU 
AP’)P” U(A U AP ’)=((AP’)P’ U AP’) U(A U AP’) = 
A UA? =PCI'(A). 


Theorem.3.4.Let (X, t, J) be an ideal topological 
space and A, B subset of X. Then 


1) IfA SB, then PCI*(A) EPCI*(B), 
2) PCI*(ANB) EPCI*(A)NPCI*(B). 


Proof. This is obvious by Theorem.3.1. 


Theorem.3.5. Let (X, t, J) be an ideal topological 
space. Then tP (I) ={AEP(X):PCI*(A°)=A‘} is 
topology on X and finer that t? .When there is no 
ambiguity we will writet? for tP (J). 


Proof. This is obvious by Theorem.3.1, and 
Theorem.3.3. Again byTheorem.3.1,(4), we have 
AP’CPCI(A), then A UA? CA UPCI(A)=PCI(A), 
then PCI*(A)EPCI(A). Hence tP t? (I). 


Example.3.3. Let (X, t, J) be an ideal topological 
space and A subset of X. If / = {O}, thentP= 1?’ (J). 
In fact, if x EPCI(A), then, UNA#@ for every 
Ue 1?(x) then UNA¢{@}= I then x EAP. Hencex 
€A UAP = PCI*(A) then PCI(A)SPCI*(A) but by 
Theorem.3.5.PCl*(A)G&PCI(A). Hence PCI*(A)=PC]l 
(A). Consequently, tP= tP (@). 


Theorem.3.6. Let (X, t) be a topological space and 
let 1, I2 be two ideals on X. Then 
If Sh, then t? (h)S tP (12). 


Proof. Straight forward. 
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Theorem.3.7. Let (X, t, J) be an ideal topological 
space. Then B(I, t) = {U-E: UEt? (x), EE} is a basis 
for t?. 


Proof. Since @€/, then U -@ = UetP(x) and tP(x)G 
B from which it follows that X = UB (recall that 
pre-open sets is forms a topology). Also Bi, B2€ B, 
and 1; I2€/, we have B1 = U1- 1 and B2 = U2- h, 
where U1,U2EtP (x). Then BiNB2 = (U1 - 11) N(U2 - I2) 
= (UiN(X- ))N(U2 N(K- I2)) = (U1NUz)-(1Ul2) € B, 
where UinU2€tP (x), HUME. 


4, Pre-compatibility of topological spaces 


Definition.4.1. [3] Let (X, t, J) be an ideal 
topological space. We say the topology tis 
compatible with the ideal J, denoted t ~/, if the 
following holds for every A CX: if for every x E A 
there exists U € N(x) such that UNAel, then Ael, 
where N(x)denotes the open neighborhood 
system at x. 


Definition.4.2. Let (X, t, J) be an ideal topological 
space. We say the topology t is pre-compatible 
with the ideal J, denoted t ~/, if the following holds 
for every A © X:if for every x € A there exists U 
€tP(x) such that UNA €/, then A €/. 


Remark.4.1. A compatible space is _ pre- 
compatible but the converse is not true in general. 


Theorem.4.1. Let (X, t, J) be an ideal topological 
space, the following properties are equivalent; 


1)t~], 

2)If a subset A of X has a cover of pre-open sets 
each of whose intersection with A is in J, thenAEl, 
3) For every A © X, AN AP = @ implies that A €/,4) 
For every A CX, A- AP’ el, 

5) For every A € X, if A contains no nonempty 
subset B with B CBP then A El. 


Proof.1) =2) The proof is _ obvious. 
2) = 3) Let A CX and x € A. Then x ¢AP and there 
exists UEtP(x) such that UNA El. Therefore, we 
have A CU{U : x € A} and Uet?(x) and by (2) A él. 
3) > 4) For any AS X, A—AP CA and (A— 
AP’)n(A — AP’)P'c (A— AP )NAP’ = @. By (3), A— 
AP’ el. 

4) = 5) By (4), for every AC X, A— AP El. Let A— 
AP’= Eel, then A = EU(ANA?’) and by 
Theorem.3.1(6) AP = EP U(ANAP)P = 
(AN AP )P” because Theorem.3.1(10). Therefore, 
we have ANAP = AN(AN AP)?’ c (AN AP )P and 
ANA? CA. By the assumption ANA? = @ and hence 
A=A-AP El. 


5) => 1) Let AS X and assume that for every x € A, 
there exists U €tP(x) such that UNA él. Then 
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ANAP = @. Since (A—AP’) n(A— AP’)P' C(A— 
AP’) NAP’ = @, A —A contains no nonempty 
subset B with B CBP. By (5), A— AP €/ and hence 
A=AN(X—A®’) = A— AP’ el. 


Theorem.4.2. Let (X, t, /) be an ideal topological 
space. If t is pre-compatible with ideal J, then the 
following properties are equivalent; 

1) For every AC X, ANAP = @ implies that AP = @, 
2) For every AS X, (A— AP’ )P =@, 

3) For every AS X, (AN AP’) =AP’, 


Proof. First, we show that (1) holds if t is pre- 
compatible with ideal J. Let A be any subset of X 
and ANA? = @. By Theorem 4.1(3) A€/ and by 
Theorem.3.1(10)AP = @. 

1) 52) Assume that for every AS X, ANAP’ = @ 
implies thatAP = @. Let B= A— A? , then 

BNB®'= (A — AP’) N(A— AP’ )P’= (An (K —AP’)) A 
(AN(X — AP’ ))P’ €(An (X —AP’)) (AP N(X — 
AP’)P") = @.By (1), we have BP’ = @. Hence 

(A — AP’)P" = @. 

2) >3) Assume for every AC X, (A— AP )P = G.A= 
(A — AP’)U (AN AP), then AP” = 

[((A —AP) U (An AP) =(A—AP)P U 

(AN AP )P= (AN AP YP, 

3) 31) Assume for every AC X,A nN AP =@and 
(AN AP )P'= AP’.This implies thatA? = @. 


Theorem.4.3. Let (X, t, /) be an ideal topological 
space, then the following properties are 
equivalent; 

1) 1? nl=@, 

2) If Eel, then PInt(E) = @, 

3) For every Vet?, vevP’, 

4) X =X?’ 


Proof.1) >2) Let t? n/= @ and Eel. Suppose that x 
€PInt(E).Then there exists UEtP such that x € U 
CE. Since Ee/ and hence @ #{x}S U Et? ni. This is 
contrary that t? n/J = @. Therefore, P Int(E) = @. 
2) >3) Let x EV. Assume x ¢VP’ then there exists 
Uet?(x) suchthat VN U el. By (2), x EVN U = 
PInt(Vn U) = @. Hence, x EVP and VEVP’. 
3) =4) Since X is pre-open, then X= x 
4) 1) X = XP = {k EX: UN X= U ¢I for every 
UetP(x)}. Hence t? n= @. 


5. Pre-open set operator w 


Definition.5.1.Let (X, t, J) be an ideal topological 
space. An operator W:P(X) — Tt is defined as 
follows; for every A € X, W(A)={xe X: there exists 
UetP(x) such that U-A €/}.We observe that W(A) = 
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X -(X- A)’. The behavior of the operator W has 
been discussed in the following theorem. 


Theorem.5.1.Let (X, t, J) be an ideal topological 
space. Let A, B subset set of X. Then; 


1) W(A) is pre-open set, 
2)PInt(A)Gw(A), 

3) If ACB, then (A) © W(B), 

4) (ANB)=(A)Np(B), 
5)(AUB)=(A)Utp(B), 

6) If Ve t?, then U € W(U), 

7) W(ASU((H(A)), 

8) (A) = Opa) _ 
if and only if (X- A)P =((X- A)P )P, 
9)If (A - B)U(B - A) EF, then W(A) = W(B), 
10) If E€/, then  (E) = X-X? , 

11) If EE/, then W(A-E) =(A), 

12) If EE/, then (AVE) =W(A). 


Proof.1) This follows from Theorem.3.1 (2). 

2) From definition of W operator, W(A) = X- 

(X - A)P”. Then X-PCI(X -A)& X- (X - A)P = (A). 
Hence PInt(A)Gw(A). 

3)Let AGB, then (X - B)€(X - A). Then from 
Theorem.3.1, (4),(X - B)? G(X - A)? then (A) 
Cw(B). ; 

4) W(ANB) =X — (X — (ANB))P =X — 

((X — A) U(X — B))P’ =X-((K- AJP U 

(X~ B)P')P'=[X— (K- A) Nn [X— 

(X - B)?"]=~p(A) 9 tp(B).5) (AUB) =X 

—(K — (AUB))? =X-((K — A)N (KX —- 

B))P"=X — ((K- A)P-n (K- B)P’)P'=[X— 

(X- A)P"] U [X— (X- B)P"]=1p(A) Up(B). 

6) Let Ue tP. Then (X - U) is a pre-closed set and 
hence PCl(X - U) = (X- U). 

Then(X - U)?’ CPCI(X - U) = (X - U). Hence UE X- 
(X - U)P’, soUS(U). 

7) From (1), (A) € t?, and from (6), (A) 
Sp(p(A)). 

8) This follows from the facts: 

1. p(A)= X -(X- A)P. 

2. p(W(A)) = X-[X — (K — (K~ A)P*)]P'= X- 
(A= AY) 2 

9) Let (A - B)U(B - A) EJ and letA-B=E1,B-A= 
E2. We observe that E1,E2€/ by heredity, and B = (A 
— E1)UE2. Thus W(A) = (A - E1) = W((A - E1)UEz ) 
= p(B). 

10) By Theorem.3.1,(10) we obtain if E€/, then 
W(E) = X- XP. 

11) This follows from Theorem.3.1,(10)and (A - 
E) =X-[X- (A- E)]P’ =X-[(X- A) UE]P'=X- 
(X- A)P’= (A). 

12) This follows from Theorem.3.1,(9)and (AVE) 
=X-[X- (AU E)]P"=X -[(X- A) - EJ?” 

=X-(X- A)P'= (A). 
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Theorem.5.2. Let (X, t, J) be an ideal topological 
space. If n = {A ©X: A CW(A)}. Then n is a topology 
for X. 


Proof. Let n = {A xX: A Cw(A)}. By 
Theorem.3.1,(1)” = @ and W(X) = X -(X-X)P" =X 
-pP = X. Moreover, W(@) =X -(X-@)P"= X -X = @. 
Therefore, we obtain that @GW(@) andXGw(X) = x, 
and thus @ and Xén. Now if A, B €n, then by 
Theorem.5.1 ANB €wW(A)NwW(B) = W(AN B) which 
implies that ANB €n. If {Aa : a € A} nm, then 
Aa&W(Aa) SwW(UAa) for every a and hence 
UAaSwW(UAa). This shows that n is a topology. 
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